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Higher order derivative theories, generally suffer from instabilities, known as Ostrogradsky insta-
bilities. This issue can be resolved by removing any existing degeneracy present in such theories. We
consider a model involving at most second order derivatives of scalar field non-minimally coupled
to curvature terms. Here we perform (3+1) decomposition of Lagrangian to separate second order
time derivative form the rest. This is useful to check the degeneracy hidden in the Lagrangian will
help us to find conditions under which Ostrogradsky instability do not appear. In our case, we find
no such non trivial conditions which can stop the appearance of the Ostrogradsky ghost.
I. INTRODUCTION
Observations suggest that our current universe is in an accelerating phase[1] and explanation of this acceleration
can be provided by dark energy. The dark energy is generally modeled by modifying gravity part of Einstein Hilbert
action[2]. One of the brands of this modified gravity model is scalar-tensor theories[3, 4]. When we consider scalar-
tensor theories with higher order derivative terms. If higher derivative Lagrangian is non-degenerate there exist a
ghost-like instability known as Ostrogradsky instability[5] in which Hamiltonian contains such terms which are linear
in momentum. In degenerate theory, the higher derivative is present in the Lagrangian but they cancel such a way
that does not appear in the equation of motion[6]. In 1974 Horndeski proposed a general action for scalar field that
contain the higher derivative term in the Lagrangian but the equation of motion is of second order[7]. Horndeski
Lagrangian takes a form,
L = LH2 + L
H
3 + L
H
4 + L
H
5 , (1)
where,
LH2 = G2(φ,X), L
H
3 = G3(φ,X)φ, L
H
4 = G4(φ,X)R− 2G4,X(φ,X)(φ2 − φµνφµν ), (2)
LH5 = G5(φ,X)Gµνφ
µν +
1
3
G5(φ,X)R− (φ3 − 3φφµνφµν + 2φµνφνρφµρ), (3)
and φµ = ∇µφ, φµν = ∇µ∇νφ, X = ∇µφ∇µφ, R, Rµν , Gµν is Ricci scalar, Ricci Tensor and Einstein tensor
respectively. Here we notice that In LH2 is some combination scalar field and its first derivative and L
H
3 additionally
contain the second derivative of the scalar field, LH4 , L
H
5 contain curvature term and first and second derivative of
φ. In the case, we have constructed a Lagrangian containing higher derivatives of a scalar field with non-minimal
coupling to curvature. Our motivation is to find a degeneracy condition to get rid of Ostrogradsky instability in our
higher derivative Lagrangian.
II. POSSIBLE TERMS FOR ∇µ∇νφ∇ρ∇σφ
Consider an action of the form,
S =
∫
d4x
√−gC˜µν,ρσ∇µ∇νφ∇ρ∇σφ, (4)
where C˜µν,ρσ contain metric tensor and curvature term and it is only possible term for non-minimal coupling of second
derivative of scalar field with the curvature term. Its simple form is,
C˜µν,ρσ = (D1g
µρgνσ +D2g
µσgνρ)R + (D3g
ηρgµνgβσ +D4g
µηgβρgνσ)Rηβ + (D5g
µηgνβgγρgδσ +D6g
µηgσβgγρgδν)Rηβγδ.
Now we rewrite the action replace first derivative of scalar field by a new field Aµ i.e. ∇µφ = Aµ. So the new form
of action is given as,
S =
∫
d4x
√−g[C˜µν,ρσ∇µAν∇ρAσ + λµ(∇µφ−Aµ)], (5)
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2this action can be written as,
S =
∫
d4x
√−g[L1 + L2 + L3 + L4 + L5 + L6] + λµ(∇µφ−Aµ)], (6)
where,
L1 = D1Rgµρgνσ∇µAν∇ρAσ, (7)
L2 = D2Rgµνgρσ∇µAν∇ρAσ, (8)
L3 = D3gηµgβρgνσRηβ∇µAν∇ρAσ, (9)
L4 = D4gηρgµνgβσRηβ∇µAν∇ρAσ, (10)
L5 = D5gµηgνβgγρgδσRηβγδ∇µAν∇ρAσ, (11)
L6 = D6gµηgνβgγρgδσRηβγδ∇µAν∇ρAσ, (12)
and λµ are Lagrange multiplier. Here it is noted that due to the symmetry property of Riemann tensor L5 term
vanishes.
III. REPRESENTATION OF ACTION IN (3+1) DECOMPOSITION
In this section, we want to find degeneracy condition on Lagrangian, using a (3+1) decomposition. Our (3+1)
convention and notation similar to ref.[8, 9]. in (3+1) decomposition ∇aAb is,
∇aAb = DaAb −A∗Kab + na(KbcAc −DbA∗) + nb(KacAc −DaA∗) + 1
N
nanb(A˙∗ −N cDcA∗ −NAcac). (13)
Now we introduced Xab = (DaAb −A∗Kab), Yb = (KbcAc −DbA∗) and Z = (N cDcA∗ +NAcac) for simplifying the
calculation so eq.(13) becomes,
∇aAb = 1
N
nanb(A˙∗ − Z)−Xab − naYb − nbYa, (14)
where Da spatial derivative associated with spatial metric hab. Aa and A∗ spatial and normal projection of 4-vector
Aa given as Aa = hbaAb and A∗ = naAa, Na is shift vector, N is lapse function, ab = nc∇cnb is the acceleration vector
and Kab is Extrinsic curvature tensor related to first derivative of metric. In (3+1) formalism R,Rµν , Rµνρσ are,
R = R+K2 − 3KabKab + 2habLnKab − 2Dbab − 2abab, (15)
⊥Rab = Rab +KabK −KasKsb + LnKab −Daab − aaab, (16)
⊥Rbn = DsKsb −DbK, (17)
⊥Rnn = KstK
st − hstLnKst +Dsas + asas, (18)
⊥Rabcd = Rabcd +KacKad −KadKbc, (19)
⊥Rabcn = DaKbc −DbKac, (20)
⊥Rabnn = KauK
u
b − LnKab +Daab − aaab, (21)
where LnKab is Lie derivative of Extrinsic curvature tensor and related to second order derivative of metric.
⊥Rab,⊥Rbn,⊥Rnn is spatial, one normal and two normal projection of Ricci tensor and ⊥Rabcd,⊥Rabcn,⊥Rabnn
is spatial, one normal and two normal projection of Riemann tensor known as Gauss, Codazzi and Ricci relations
respectively.
By using these relation we decompose the action (6) in (3+1) formalism and separate out second order derivative of
metric. Next we derive conditions that no second order derivative of metric appear in the action. Here we are not
analysing Ostrogradsky instability arising from the higher derivative of scalar field.
3IV. CONDITION FOR NO SECOND ORDER DERIVATIVE OF METRIC
In this section, after substituting (13-20) in eq.(6) and keeping the terms that are second derivative of metric.
L = habLnKab( A˙
2
∗
N2
− 2A˙∗Z
N2
+
Z2
N2
)(2D1 + 2D2 +D3 +D4) + h
abLnKabYcY
c(−4D1 −D3) + habLnKab
(A˙∗ − Z)X
N
(4D2 +D4) + 2h
abLnKab(D1X
cdXcd +D2X
2) + LnKabY
aY b(−D3 − 2D6)
+LnKab
(A˙∗ − Z)Xab
N
(D4 − 2D6) + LnKab(D3XadXbd +D4XXab) + other terms. (22)
To be free from terms containing second derivative of metric in the Lagrangian, we require the coefficient of habLnKab
and LnKab to vanish. This amounts to a trivial condition D1 = D2 = D3 = D4 = D5 = D6 = 0. There is no non
trivial condition exists in this case.
V. UNITARY GAUGE
Here we check the possibility to get rid of second derivative of metric in unitary gauge, this gauge gives the
conditionφ(x, t) = φo(t). In this case constant time hypersurfaces coincide with uniform scalar field hypersurfaces.
When we apply unitary gauge (Aa = 0), demand that the values of Xab, Yb and Z become, Xab = −A∗Kab, Yb =
−DbA∗ and Z = 0 respectively, after substituting this result into eq.(22), we get
L = habLnKab A˙
2
∗
N2
(2D1 + 2D2 +D3 +D4) +
A∗
N
A˙∗K
c
c (4D2 +D4) + 2h
abLnKabA
2
∗(D1K
d
cK
c
d +D2A
2
∗K
c
cK
d
d)
+D4LnKab
A∗
N
A˙∗K
ab(D4 + 2D6) + LnKab(D3A
2
∗K
a
cK
bc +D4A
2
∗K
c
cK
ab) + other terms. (23)
In this case also, we have find condition on the condition D1 = D2 = D3 = D4 = D5 = D6 = 0. There is no non
trivial condition exists in this case.
VI. CONCLUSION
In this paper, we work with higher derivative model where both second derivative of metric and scalar field arise in
the Lagrangian. Then using (3+1) decomposition, we have shown that no non trivial conditions can be found under
which all the terms containing second order derivative of metric disappear from the Lagrangian.
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